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Mark's early work on Synchronization Outline

Nikhil and Mark identified the importance of synchronication in
multi-agent systems for the control community in 2005.

In 2006, Mark gave a wonderful talk at TokyoTech and plenary at the o
IFAC Workshop on Lagrangian & Hamiltonian Methods in Nagoya.

Nikhil and Mark identified the connection between Kuramoto oscillators
and consensus algorithms in proving expontial synchronization.
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Mathematical Model of a Power Transmission Network
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Mathematical Model of a Power Transmission Network

@ power transfer on line i ~> j:

© power balance at node i:
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ion of Kuramoto Oscillators

\VillViII Y3| - sin(6i = 6))
————

aj=max power transfer

P,‘ = Zj a,-j sin(0,- — 01)

power injection
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QO nn °

Q Y e Clrtm)x(ntm)  symmetric, sparse, lossless

Central task: generators provide power for loads

Problems: monitoring and stability in face of disturbances and
contingencies
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Mathematical Model of a Power Transmission Network
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© power transfer on line i ~~ j: Vil V}| Yl sin(6; — 6;)
—_————

ajj=max power transfer

ower balance at node /: P; = ajisin(6; — 6;
Qp Zj ij ( J)

power injection

Structure-Preserving Model [Bergen & Hill '81]

for M, swing eq with P; > 0
for ® const P; < 0 and D; > 0

M;6; + D;6; = P; — j sin(6; — 0
+D9 P Zjajsfn(e 91)
it = i_zjaijsm(i_ ;)
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Synchronization in Power Networks

Coupled Oscillators in Science and Technology

© power networks are coupled oscillators
M;0; + Di6; = P; — Z ajjsin(0; — ;)

D;f; = P; — Zausm —0))

@ synchronization: coupling strength vs. frequency non-uniformity
1

© graph theory: “coupling/connectivity” and “non-uniformity”

power networks synchronize
for large “coupling/connectivity” and small “non-uniformity”
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Synchronization Notions

0; = wj — Zn 9 sin(; — 0)) J
=

@ phase cohesive: |0;(t) —
for small v < 7/2 ...

0;()] <~ TS BT ey
arc invariance
@ frequency synchrony: 6;(t) = 6;(t)

© phase synchrony: 0;(t) = 0;(t) o [2) ()

o {aj}{ijree small & |w; —wj| large == no synchronization

o {aj}{ijree large & |wi —wj| small = cohesive + freq sync

proper notions of sync, coupling & phase transition

[A. Jadbabaie et al. '04, P. Monzon et al. '06, Sepulchre et al. '07, S.J. Chung et al. '10, J.L.
van Hemmen et al. '93, F. de Smet et al. '07, N. Chopra et al. '09, G. Schmidt et al. '09, F.
Dorfler et al. '09 & '11, S.J. Chung et al. '10, A. Franci et al. '10, S.Y. Ha et al. '10, D. Aeyels
et al. '04, R.E. Mirollo et al. '05, M. Verwoerd et al. '08, L. DeVille '11, ...]
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Kuramoto model of coupled oscillators: m‘
\g/

Sync in Josephson junctions [S. Watanabe et. al '97, K. Wiesenfeld et al. '98]

n_l a,-j sin(9,- — 9j)

Sync in a population of fireflies [G.B. Ermentrout '90, Y. Zhou et al. '06]

Coordination of particle models
[R. Sepulchre et al. '07, D. Klein et al. '09]

Deep-brain stimulation and neuroscience
[P.A. Tass '03, E. Brown et al. '04]

Countless other sync phenomena
[A. Winfree '67, S.H. Strogatz '00, J. Acebrén '01]
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Primer on Algebraic Graph Theory

Sync Tests: Coupling vs. Power Imbalance

e adjacency matrix A = (ajj)
o degree matrix D is diagonal with djj = >_7_; ajj

J
o Laplacian matrix L=LT =D —-A>0
(pseudo-inverse of L = same eigenvectors, inverse eigenvalues)

topological: connectivity, average and worst-case path lengths
spectral: second smallest eigenvalue A, of L is “algebraic connectivity”

||X||oo,edges = max{i,j} |Xi - XJ|' ||XH2,edges =

(graph edges {i,j} € £) or (all edges {i,,} satisfy i < j)
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A Nearly Exact Synchronization Condition — Accuracy

Randomized power network test cases
with 50 % randomized loads and 33 % randomized generation

Randomized test case Correctness of condition: Accuracy of condition: Phase
(1000 instances) ||LTPH 00, g. edges < sin(7) P)a_)}f |6f — 91-*\ cohesiveness:
]
= s 1 =G £ —arcsin([|BT LT Pl o) R =

9 bus system always true 4.1218 - 10~° rad 0.12889 rad
IEEE 14 bus system always true 2.7995 - 10~ % rad 0.16622 rad
IEEE RTS 24 always true 1.7089 - 103 rad 0.22309 rad
IEEE 30 bus system always true 2.6140 - 10— * rad 0.1643 rad
New England 39 always true 6.6355 - 10 ° rad 0.16821 rad
IEEE 57 bus system always true 2.0630 - 102 rad 0.20295 rad
IEEE RTS 96 always true 2.6076 - 10> rad 0.24593 rad
IEEE 118 bus system always true 5.9959 - 10— * rad 0.23524 rad
IEEE 300 bus system always true 5.2618 - 10~ % rad 0.43204 rad
Polish 2383 bus system always true 4.2183 - 10~ 3 rad 0.25144 rad
(winter peak 1999,/2000)

condition HLTPHC>O <sin(7y) is extremely accurate

,graph edges —
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M,'é,' = D,'é,' = P; — 2 ajj sin(9,- = 9,-)
J

D,'é,' = P; — Zau Sin(‘gi - '9])
J

Zj aj <|Pil == nosync A2(L) > [[Pl]2,all edges = sync

Valid for: completely arbitrary weighted connected graphs

|LTP|| <1

<~
o0,graph edges

sync
Correct for: trees, graphs with disjoint 3- and 4-cycles
Correct for: graphs with LTP bipolar or symmetric
Correct for :* homogeneous graphs (a;j = K > 0)

best general conditions known to date

Florian Dérfler & FB (UCSB) UT Dallas 5nov2012 13 /19

Outline

Synchronization of Kuramoto Oscillators

Synchronization of Kuramoto Oscillators UT Dallas 5nov2012 15 / 19




Synchronization in a All-to-All Homogeneous Graph

Synchronization in a All-to-All Homogeneous Graph

all-to-all homogeneous graph

all-to-all homogeneous graph

Explicit, necessary, and sufficient condition [F. Dérfler & F. Bullo '10]

Following statements are equivalent:

@ Coupling dominates non-uniformity, i.e., | K > Keitical = Wmax — Wmin

@ Kuramoto models with {w1,...,wn} C [Wmin, Wmax] achieve phase
cohesiveness & exponential frequency synchronization

Explicit, necessary, and sufficient condition [F. Dérfler & F. Bullo '10]

Following statements are equivalent:

@ Coupling dominates non-uniformity, i.e., | K > Keritical = Wmax — Wmin

@ Kuramoto models with {w1,...,wn} C [Wmin, wmax] achieve phase
cohesiveness & exponential frequency synchronization
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Main proof ideas (Nikhil's and Mark’s work)
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© Cohesiveness:
V(o)) e for 0(0) in arc of length ¥ € [Vmin, Ymax], define
arc-length cost function

V(6(t)) = max{[0i(t) = 0;(t)|}ijeqa.....n}

e t+— V(0(t)) is non-increasing because
Dt V(6(t)) <0

e t — O(t) remains in (possibly-rotating) arc of
length ~ and, moreover, v < /2 in finite time

@ Frequency synchronization' once in arc of length 7/2

== Z au éj)
where a;(t) = & cos(@,( ) —0;(t )) > 0. result follows from
time-varying consensus theorem
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Define Ymin & Ymax by KcriticaI/K = Sin(')/min) = Sin(')/max)y then
1) phase cohesiveness for all arc-lengths v € [Ymin, Ymax)
2) practical phase synchronization: from max arc — “Ymin arc

3) exponential frequency synchronization in the interior of ymax arc
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Conclusions

connection between power networks and coupled Kuramoto oscillators

©0

necessary and sufficient sync conditions

more realistic models: active+reactive power flow
sharp condition: tests and proofs

region of attraction

0000

smart-grid apps = remedial action, wide-area control

F. Dorfler and F. Bullo. Exploring synchronization in complex oscillator networks. In
IEEE Conf. on Decision and Control, Maui, HI, USA, December 2012. To appear
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